Abstract. Kähler-Einstein metrics for polarized families (f : X → S, λ X /S ) of Calabi-Yau manifolds define a natural hermitian metric on the relative canonical bundle K X /S . The computation of the curvature form being equal to the pull-back of the Weil-Petersson form up to a numerical constant is used for the construction of a Kähler form on X , whose restriction to the fibers is Ricci flat.
1. Introduction S.T. Yau's solution of the Calabi problem ( [Yau77, Yau78] ) and later developments had a strong impact on the theory of moduli spaces. Recalling the work of Griffiths [Gr70] one could see that for a holomorphic family of polarized Calabi-Yau manifolds (with trivial canonical bundle) the curvature form of the Hodge bundle on the base space is equal to the Weil-Petersson form.
Generalizing moduli of Calabi-Yau manifolds and canonically polarized varieties, in [F-S90] moduli of extremal Kähler manifolds were constructed and studied. In this note we want to focus on the curvature of the relative canonical bundle on the total space of a holomorphic family of Calabi-Yau manifoldssomewhat analogous to the situation of (effective) families of canonically polarized manifolds, equipped with Kähler-Einstein metrics, where the relative canonical bundle on the total space is strictly positive ( [Sch12, Sch08] ).
Let (f : X → S, λ X /S ) be a holomorphic, polarized family of Calabi-Yau manifolds X s = f −1 (s), i.e. compact manifolds with c 1,R (X s ) = 0, equipped with Ricci flat Kähler forms ω Xs . The relative volume form ω n X /S = g dV induces a hermitian metric g −1 on the relative canonical bundle K X /S . We arrive at the following fact.
The curvature form of K X /S is equal to the pull-back of the Weil-Petersson form up to a numerical constant:
(1) 2πc 1 (K X /S , g −1 ) = √ −1∂∂ log g = 1 vol X s f * ω W P .
The above statement is related to the computation of the Weil-Petersson form as curvature form of the Hodge metric on the base of a family, (where the canonical bundles of the fibers are assumed to be trivial). We will give a short direct argument in terms of the Ricci flat metrics, which will also be used in the proof of the following theorem. The results are related to [Br15] and to [BCS15] .
Given a reduced complex space X , we denote by H 1,1 (X ) R the ∂∂-cohomology. It consist of classes of locally ∂∂-exact differentiable (1, 1)-forms modulo ∂∂-exact forms (cf. [F-S90, Section 1], also for the treatment of singularities). This cohomology theory is suitable for our purpose. Theorem 1. Let (f : X → S, λ X /S ) be a holomorphic, polarized, effective family of Calabi-Yau manifolds {X s } s∈S , where
is represented by a class λ X ∈ H 1,1 (X ) R on X , or (b) the first Betti-numbers of the fibers vanish: b 1 (X s ) = 0.
The Kähler form ω X will be equal to ω X + c · f * ω W P for some c > 0, and ω X given in Proposition 1 below.
In particular the assumption on the existence of λ X is satisfied if the total space X is a compact Kähler manifold (with the Kähler class inducing the polarization). The effectiveness of the family is needed so that ω X is positive definite rather than positive semi-definite.
Concerning the existence of such an estimate for the Green's function required in Theorem 1 the following is known. It holds, if the diameter of the fibers is uniformly bounded, or if a uniform isoperimetric inequality holds by the work or J. Cheeger [Ch70] , Cheeger-Yau [C-Y81], Chr. Croke [Cr80] and others. (Note that the volume of the fibers is constant).
For families of Calabi-Yau manifolds the latter questions were investigated recently by Sh. Takayama [Ta15] , and by X. Rong and Y. Zhang [R-Z11], who give a positive answer for the projective case, furthermore in [Z16] for moduli of polarized Calabi-Yau manifolds, and V. Tosatti [T15] .
Polarized families of Kähler manifolds
Let X be a compact Kähler manifold and A holomorphic family of compact polarized manifolds {(X s , λ Xs )} s∈S , parameterized by a reduced complex space S, is given by a proper, holomorphic submersion f : X → S such that X s = f −1 (s) for s ∈ S together with a section λ X /S ∈ R 1 f * Ω 1 X /S (S), whose restrictions λ X /S |X s are equal to the polarizations λ Xs . In [F-S90] we showed that a polarization λ X /S can be described in an alternative way requiring that λ X /S ∈ R 2 f * R(S) with the property that again the restrictions to fibers X s are the given Kähler classes.
At least locally, with respect to the base, polarizations for holomorphic families can be represented by Kähler forms on the total space. After replacing S by a neighborhood of a given point, any polarization λ X /S can be represented by a Kähler form ω X . (For singular spaces, by definition, the existence of local differentiable √ −1∂∂-potentials for Kähler forms is always required).
A deformation of a compact polarized manifold (X, λ X ) over a complex space (S, s 0 ) with a distinguished point s 0 ∈ S consists of a holomorphic family (f : X → S, λ X /S ) together with an isomorphism X → X s0 that takes λ Xs 0 to λ X .
Infinitesimal deformations are characterized as follows. Let T X be the sheaf of holomorphic vector fields on X. The Kähler class λ X ∈ H 1 (X, Hom OX (T X , O X )) defines the equivalence class of an extension, given by the Atiyah sequence 0 → O X → Σ X → T X → 0. We note that the edge homomorphisms of the induced cohomology sequence are defined by the cup product with the polarization:
The kernel of the map ∪λ X :
can be identified with the space H 1 (X, T X ) λX of infinitesimal deformations of the polarized manifold (X, λ X ) (cf. Section 3.3).
Deformations of Calabi-Yau manifolds
Various definitions of Calabi-Yau manifolds are common, we will use the following most general definition. According to Yau's theorem, for any polarized Calabi-Yau manifold (X, λ X ) there exists a unique Ricci flat Kähler form ω X in the Kähler class λ X .
All complex spaces will be reduced unless stated otherwise. We do not assume that the total space X of a family of Calabi-Yau manifolds is Kähler. We first give a necessary condition for the family of Kähler-Einstein metrics to be induced by a (1, 1)-form on the total space, which is also sufficient for the main theorem.
(a) Let (f : X → S, λ X /S ) be a polarized family of CalabiYau manifolds of dimension n, and let ω Xs ∈ λ Xs be the Kähler-Einstein forms. Then locally with respect to S there exists a d-closed, real (1, 1)-form ω X on the total space X such that
(b) If the polarization can be represented by an element λ ∈ H 1,1 (X ) R → H 2 (X , R) → R 2 f * R(S) on the total space, then ω X can be chosen globally.
(c) Such a global form ω X in the class of λ exists, satisfying the additional equation
by which it is uniquely determined.
Proof. The local statement (a) is contained in [F-S90], the statement (b) about the global existence of ω X can be seen as follows: Let the polarization λ X /S be represented by a locally ∂∂-exact, real (1, 1)-form τ . In the notation of [F-S90] the form τ is a section of Φ X . The restrictions τ |X s represent the unique Kähler-Einstein forms ω Xs so that ω Xs = τ |X s + √ −1∂∂ϕ s for C ∞ functions ϕ s on the fibers, whose fiberwise harmonic projections vanish so that these depend upon s ∈ S in a C ∞ way. (For singular base spaces one can use the implicit function theorem in the sense of [F-S90, Section 6]) in order to verify differentiable dependence upon the parameter. Let ϕ denote the resulting function on X . We set Locally ∂∂-exact forms ω X satisfying (2) (for not necessarily smooth base spaces S) had been introduced as admissible forms in [F-S90, Section 3], where the existence of such forms was being studied. Because of the Tian-Todorov theorem [Ti86, To89] about the unobstructedness of infinitesimal deformations we can restrict ourselves to smooth base spaces, when we compute curvatures and related tensors.
We will use the following notation. Local holomorphic coordinates on X are denoted by (z 1 , . . . , z n ) (with Greek indices), whereas local coordinates on the base S are denoted by (s 1 , . . . , s k ) with Latin indices.
We will write
for the Kähler-Einstein forms of vanishing Ricci curvature representing the Kähler classes λ Xs , and
The k-th power of a differential form by definition is equal to the k-th exterior product, divided by k!.
3.1. Metric characterization of the Kodaira-Spencer map. Let v be a differentiable section of
Then, given s 0 ∈ S, the exterior derivative ∂v defines a homomorphism from T s0 S to the space of ∂-closed (0, 1)-forms with values in the sheaf T Xs 0 . In this way the Kodaira-Spencer map is defined in terms of Dolbeault cohomology:
∈ Given the situation of Proposition 1, let ω X be a real, closed (1, 1)-form, whose restrictions to all fibers are the Ricci flat Kähler metrics ω Xs representing the polarizations λ Xs . As the statement of (1) does not depend upon the global existence of ω X , we do not have to assume that X possesses a global Kähler form.
A particular lift of a tangent vector ∂/∂s i to X is the horizontal lift
which is characterized by the condition that v i is perpendicular to the respective fiber with respect to ω X .
Set (g βα ) = (g αβ ) −1 and g = det(g αβ ). Furthermore, we will use the notation ∂ i = ∂/∂s i and
Distinguished representatives of the Kodaira-Spencer classes ρ s0 (∂/∂s i ) are
where the horizontal lift v i is given by (4).
We will need covariant derivatives in fiber direction and use the semi-colon notation ;α etc. For ordinary derivatives, in particular derivatives with respect to the parameter we will use the |-symbol like |i . Also raising and lowering of indices is being used with respect to the given metrics on the fibers. We recall the following known facts.
Proposition 2. We identify X with X s0 . Then the distinguished Kodaira-Spencer forms A i satisfy the following properties.
where A iβδ = a iβ;δ = −g iβ;δ , which implies the first two equations (6) and (7). The ∂ * -closedness (8) will be shown below.
Note that (6) implies that the class of A i is contained in H 1 (X, T X ) λX .
Tensors on Calabi-Yau manifolds.
We will need various properties for tensors on Calabi-Yau manifolds, some of which are already mentioned in E. Calabi's original paper [Ca57] .
Lemma 1 ([Ca57]
). Any holomorphic vector field, any holomorphic 1-form, and any general holomorphic tensor are parallel.
Proof. Let ξ α ∂ α be a holomorphic vector field. Then
because of the holomorphicity of ξ α and the Ricci flatness of the metric. So ξ β;γ = 0. The rest follows in the same way.
3.3. Curvature form of the relative canonical bundle. Let a holomorphic family f : X → S of Calabi-Yau manifolds be given together with a form ω X with the properties of Proposition 1.
Let Θ be the curvature form for the relative canonical bundle. Because of the Kähler-Einstein condition for ω Xs the curvature form vanishes when restricted to any fiber:
Now Θ α;β = Θ αβ| = 0. This proves Lemma 2. The forms Θ α dz α are holomorphic on the fibers X s and Θ iβ;α = 0.
By Lemma 1
We note a consequence of Lemma 1: Again X denotes a fiber X s . The cup product ∪λ X :
can be represented by the cup product with ω X that maps holomorphic vector fields to harmonic (0, 1)-forms. This map is an isomorphism. In particular we have an exact sequence
which implies that the space of infinitesimal deformations of the polarized manifold (X, λ X ), namely the kernel of the cup product with the polarization on H 1 (X, T X ) with values in H 2 (X, O X ), can be identified with H 1 (X, Σ X ).
Lemma 3.
Proof.
Now we consider the hermitian product , Θ on T X that is defined by Θ, (which is not positive definite).
Let (12)
We compute the (fiberwise) Laplacian of χ i , where denotes the Laplacian for functions with respect to ω Xs .
Proposition 3.
(13)
Proof. Because of Lemma 2, and (9), (10), we see that
where the last equality follows from the fiberwise Ricci flatness of the metric. Now the vanishing of the Ricci forms and Lemma 3 imply the claim.
Integration of (13) over the fibers implies that the forms Θ α dz α , and their conjugates vanish identically. Now by (12) the Laplacians χ i and Θ i are equal and vanish. This means that the coefficients Θ i only depend on the parameter s. Altogether we have the following Corollary. Corollary 1.
Proof of Proposition 2 (8). The statement follows from Lemma 3 together with (14).
Construction of the global Kähler form
We first compute the curvature of the relative canonical bundle for a holomorphic, polarized family of Calabi-Yau manifolds, equipped with Kähler-Einstein metrics according to Yau's theorem.
In case the canonical bundles of the fibers are trivial, rather than some power of it, the Hodge bundles H n,0 on the base space of a holomorphic family are provided with the natural metric. It was shown in this case (cf. [W03, Lu01, L-S04]) that the curvature form of the Hodge line bundle is equal to the Weil-Petersson form. This fact was based upon the formula of Griffiths [Gr70] for the curvature of the Hodge bundles over the period domain, combined with G. Tian's result that characterized the WeilPetersson metric for Calabi-Yau manifolds in terms of the period map [Ti86] . The analogous result, relating the Weil-Petersson form to the invariant metrics on period domains for families of holomorphic symplectic manifolds was shown in [Sch85] ). The result (1) is somewhat related. However, it applies to the curvature of the relative canonical bundle on the total space of a holomorphic family. For fibers with trivial canonical bundles it is contained the article [W03] by C.L. Wang. Our approach to (1) in the general case will be needed in the proof of our main theorem.
4.1. Weil-Petersson metric for Calabi-Yau manifolds. Let (f : X → S, λ X /S ) be a holomorphic family of polarized Calabi-Yau manifolds. For any s ∈ S we consider the Kodaira-Spencer map
According to Section 3.1,
The L 2 inner product of harmonic representatives is known to define a Kähler form ω W P (cf. [N86, Siu86, F-S90]). We use the following notation:
The above formulas are valid for smooth base spaces S, or if these are singular, the local coordinates s i are taken on a local smooth, ambient space U , with a local minimal embedding S ⊂ U . Since the Kuranishi space is known to be smooth, and the construction of Weil-Petersson metric is functorial, i.e. compatible with base change, we can restrict ourselves to the latter smooth situation.
4.2.
Computation of c 1,R (K X /S , g −1 ). Again we assume S to be smooth. Since the notion of the first real Chern form of the relative canonical bundle (K X /S , g −1 ) is functorial, this is sufficient.
The form ω W P on the total space of a holomorphic family (f : X → S, λ X /S ) defines an inner product for horizontal lifts (4) of tangent vectors of S.
We denote the pointwise inner product of harmonic Kodaira-Spencer forms A i and A j by A i · A  .
Lemma 4.
(18)
Note that the tensor Θ i only depends upon the parameter s by (16).
ϕ i = −g δγ g i|δγ + g βα g δγ A α;γ A iβ;δ + g α;δγ g iβ + g α g iβ;δγ + g α;δ g iβ;γ
Because of the Ricci flatness of ω Xs , and (8) we have g δγ g α;δγ = g δγ g α;γδ = 0. Also g δγ g iβ;δγ = 0 by (8).
Now (g δγ g δγ|i ) | = (log g) i = Θ i , and the claim follows.
Proof of (1). We integrate (18), and apply (16).
Proof of Theorem 1. We claim that for ω X according to Proposition 1, and a suitable number c > 0 the global form
is Kähler. The number c > 0 will be chosen globally for the whole given family. Namely we assume that the Green's function G s (z, w) for the Laplacian of functions on the fibers X s satisfies
The positive definiteness can be verified after restricting the base space to a neighborhood of any given point s 0 ∈ S. Moreover, given a non-zero tangent vector of S at a point s 0 ∈ S, we find a subspace S ⊂ S of embedding dimension one, which is contained in the first infinitesimal neighborhood of s 0 in S determined by the given tangent vector. We denote by X S = X × S S the restricted family. As the construction of the Weil-Petersson metric is functorial, i.e. compatible with base change, and all directions are unobstructed, we can use the formulas from the previous sections.
Again s denotes a holomorphic coordinate on S, and by abuse of notation the letter s also denotes the corresponding index. Let X → S be the above family.
Let ϕ ss (z, s) be given in the sense of (17). One can see easily that ϕ ss comes from an (n + 1) × (n + 1)-determinant:
ϕ ss g = det g ss g sβ g αs g αβ so that ϕ ss √ −1ds ∧ ds g dV = ω n+1 X S .
The normalization (3) implies that for any fixed s ∈ S the harmonic projection of ϕ ss (z, s) vanishes. Denote by G s the Green's operators for functions on the fiber X s as above. We set = s for the Laplacians on the fiber, and we denote by H s the respective harmonic projections. For any function χ on X s , s ∈ S G s (χ) = The last equality holds because of (16). By our assumption, on all fibers G s (z, w) ≥ −c for some c > 0 (and uniformly for all s ∈ S).
Now on S we have
We take the following normalization for the Kähler form on the total space X . Let This holds for any space S ⊂ S of the above kind through any given point of S and determined by an arbitrary tangent vector. It proves the positive definiteness of ω X .
We just proved the following fact.
Remark 1. By (20) for the components of type (n, n) on X and type (1, 1) in horizontal direction
holds, analogous to [Sch12, (13)].
